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THE MEASURE ALGEBRA OF A LOCALLY COMPACT HYPERGROUP
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CHARLES F. DUNKL(1)

ABSTRACT. A hypergroup is a locally compact space on which the space of finite
regular Borel measures has a convolution structure preserving the probability measures.
This paper deals only with commutative hypergroups. §1 contains definitions, a discussion
of invariant measures, and a characterization of idempotent probability measures. §2 deals
with the characters of a hypergroup. §3 is about hypergroups, which have generalized
translation operators (in the sense of Levitan), and subhypergroups of such. In this case
the set of characters provides much information. Finally §4 discusses examples, such as the
space of conjugacy classes of a compact group, certain compact homogeneous spaces,
ultraspherical series, and finite hypergroups.

A hypergroup is a locally compact space on which the space of finite regular
Borel measures has a convolution structure preserving the probability measures.
Such a structure can arise in several ways in harmonic analysis. Two major
examples are furnished by the space of conjugacy classes of a compact
nonabelian group, and by the two-sided cosets of certain nonnormal closed
subgroups of a compact group. Another example is given by series of Jacobi
polynomials.

The class of hypergroups includes the class of locally compact topological
semigroups. In this paper we will show that many well-known group theorems
extend to the commutative hypergroup case. In §1 we discuss some basic
structure and determine the idempotent probability measures. In §2 we present
some elementary theory of characters of a hypergroup. In §3 we look at a
restricted class of hypergroups, namely those on which there is a generalized
translation in the sense of Levitan ([11], or see [12, p. 427]). (The notation of the
present paper would seem to have two advantages over Levitan’s: ours is
compatible with current notation for compact groups, and in Levitan’s notation,
it is almost impossible to express correctly commutativity and associativity.) The
theory for these hypergroups looks much like locally compact abelian group
theory, yet covers a much wider range of examples. Finally in §4 we discuss some
examples and further questions.

1. Basic properties. We recall some standard notation (in the following, X is a
locally compact Hausdorff space):
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C(X): the space of complex continuous functions on X,

CB(X): the space {f € C(X) : f bounded},

Co(X): the space {f € CB(X) : f tends to 0 at o0},

C.(X): the space {f € Cp(X) : f has compact support},

Cr(X): theset {f € C.(X):f > 0},

||Ill.o : the sup-norm on C2(X),

M(X): the space of finite regular Borel measures on X,

M,(X): the set {u € M(X) : p > 0,uX = 1} (the probability measures),

spt u: for p € M(X), the support of yu, the maximum closed set F C X, such
that f € CJ(X), f(x) > O for some x € F implies {, fd|u| > 0,

d,: for x € X, the unit point mass at x.

We will concern ourselves only with commutative hypergroups.

Definition 1.1. A locally compact space H is called a hypergroup if there is a
map A : H X H — M,(H) with the following properties:

(D) A(x,») = Ay, x) (x,y € H) (commutativity);

(2) for each f € C.(H) the map (x,y) > [ fdA(x,y) is in CB(H X H), and
x > [y fdNx,y)isin C,(H) for each y € H;

(3) the convolution on M (H) defined implicitly by

Jutdusv= [ duc) [ a5 [, 1A
Wy € M(H), | € Co(H))

(1-1)

is associative (note 8, * 8, = A(x,y) (x,y € H));
(4) (this property will not be needed in all of the theorems) there exists a
(unique) point (the identity) e € H such that A(x,e) = §, (x € H).

Corollary 1.2. With the operations of addition and convolution, and with the
measure norm, M(H) is a commutative Banach algebra. Further it can be shown
M,(H) * M,(H) C M,(H) (by extending formula (1-1) to f € CB(H)). The algebra
M (H) has an identity if and only if property 1.1(4) holds.

Defintion 1.3. For 4, B C H define 4 - B to be the closure of U {spt A(x,y) : x
€ A,y € B).

Proposition 1.4. For u, v € M,(H), spt(u * v) = (spt p) - (spt »).

Proof. Let f € CI(H); then [, fdp * v > 0 if and only if [ fdA(x,y) > 0
for some (x,y) € (sptp) X (sptv), if and only if f(z) > O for some z €
spt A(x, y), some (x,y) € (spt p) X (spt »), if and only if f(z) > 0 for some z €
(spt p)- (spt »). O

Definition 1.5. Let S be a closed subset of H. Say S is a subhypergroup of H
if x,y € S implies spt A(x,y) C S. This is equivalent to S-S C S, and by
Proposition 1.4, to M(S) = {u € M(H) : spt p C S} being a weak-* closed
subalgebra of M(H).
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Note that a subhypergroup is closed by definition. By analogy with the case of
conjugacy classes of a compact group, we make the following definition.
Definition 1.6. The center of H, Z(H), is the set {x € H : spt A(x,y) is a single

point for each y € H}. For x € Z(H), y € H defines x o y € H by A(x,y)
= 0,p-

Proposition 1.7. Z(H) is a subhypergroup of H, and is itself a locally compact
semigroup under the operation o.

Proof. By associativity x, y € Z(H) implies x o y € Z(H). Now suppose {x,}
is a net in Z(H) with x, >, x € H. Fix y € H and let f € C}(H) with
SufdN(x,y) > 0. Then f(x, ° y) = [ fdN(x4,y) =4 [y fAN(x,y) > 0. Thus for
all large a, x, © y is in a fixed compact set (spt f). Let z be a cluster point of
{xq o y}; then f(z) = [, fd\(x,y) for all such f. This implies A(x,y) =8, so
x € Z(H).

Suppose {x,}, {yp} are nets in Z(H) with x, —, x, yg > ». Then (x,,yz)
=4 (x,y) in HXH, and for each f € C.(H), f(x,° yg) = [y fdN(x,,yp)
- [y fdNx,y) = f(x ° y), so the multiplication o is jointly continuous. []

Proposition 1.8. Let H be a compact hypergroup (not necessarily with an identity).
Then M,(H) is a commutative compact (jointly continuous) semigroup, under
convolution and the weak-* topology (the topology o(M(H), C(H)).

Proof. It is clear that M,(H) is weak-* compact and closed under convolution.
Now let {u,}, {rs} be nets in M,(H) with p, —, p, vs =5 » (weak-*), and let
f € C(H). By the continuity of the map (x,y) = [, fdA(x,y) and the Stone-
Weierstrass theorem there exist, for each ¢ > 0, functions gy, ..., g, Ay, ..., A,
€ C(H) such that

|fusinen = S geomo| <e @y €

Now

| fy S vp = [ s w v
<2+ \jgl S &idie fyhydog — [, [, hyav|

<20+ 3 {t]f, g0 - w] + gl | f, oy )}

The last term can be made less than 4 by taking a and B sufficiently large. []
The proof of the above result followed the method of Rosenblatt [15]. We point
out here that if H is a compact topological space and M(H) is a commutative
Banach algebra under its natural norm, and a multiplication, denoted +, such that
M,(H) * M,(H) C M,(H) and multiplication is jointly weak-* continuous on
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M,(H), then H is a compact (commutative) hypergroup. Further the hypergroup
convolution coincides with *. Here is a sketch of the argument: for x,y € H
define A(x,y) = 8, * 8, € M,(H) and for f € C(H) define Tf(x,y) = f fdA(x, y).
By assumption 7Tf is jointly continuous. The formula

[, |, Teduxany) = [ fdusv  (f € CH))

is first verified for finitely supported (discrete) measures in M,(H), and then is
extended to all u, » € M,(H) by weak-* continuity. (This involves a compactness
argument similar to the one given in Theorem 1.10.)

Definition 19. For each f &€ C.(H), x € H, p € M(H) define R(x)f
€ C.(H) by R(x)f(y) = fy fdN(y,x) (y € H), and define the function R(u)f
by R f(y) = fyg R2)f(»)duz) (y € H). (The following theorem shows that
Rwf € Co(H))

Note that commutativity implies R(x)f(y) = R(»)f(x) (f € C.(H),x,y
€ H).

Theorem 1.10. For each f € Cy(H), p,v € M(H), the function R(p)f

€ Co(H), IRl < IWllIf Ino and further ROYR()S] = R * p)f. Thus R is
a representation of M(H) on Cy(H).

Proof. By a uniform approximation argument and the regularity of measures
in M(H) it suffices to consider a fixed f € C.(H) and a measure p € M,(H)
with compact support. Let S = spt pand let K = {R(x)f: x € S} C Co(H). We
claim K is compact in the topology 7, of pointwise convergence. In fact, let
{R(x,)f} be a net in K; then there exists a cluster point x, € S of the set {x,}, so
that for a cofinal subnet R(xg)f(y) = [y fdN(y,xg) —p Sy fAN(y,Xo)
= R(x)f(») (y € H).By Grothendieck’s compactness theorem [8, p. 182] K is
compact in the weak topology o(C(H,), M(H,)) (where H, is the one-point
compactification of H). Now the norm-closed convex hull of K, co(K), is weakly
compact [3, p. 434], and thus 7,-compact. But p is the weak-* limit of a net of
discrete probability measures {u,} on S, and for each a, R(y,) f € co(K), so

R fO) = [, [, faN». 2 du@) » [ [, fdN . 2 duiz)
=Rwf(y) (¥ € H).

Thus R(u)f is in the ,-closure of co(K), but co(K) is 7,-compact. Hence

Rwf € Co(H) and [[R() flle < 11f lleo lliell-
Now let f € Co(H), p, v € M(H). For each 0 € M(H) we have the identity

Sy R@)fdo = fy fdo + ; thus
[, ROIR@ f1do = [, R fdo s v = [, fd((o * ») * )
= [ fd+ 0+ ) = [, RO+ wfde. O
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Observe that commutativity was not used in the above proof.

Definition 1.11. An invariant measure m on H is a positive nonzero regular
Borel measure on H, which is finite on compact sets, and such that f, fdm
=y R(x)fdm(x € H,f € C,(H)). If m is finite, the latter condition can be
written as m * 8, = m(x € H).

Theorem 1.12. Suppose H is a compact hypergroup (not necessarily with an
identity); then there exists a unique invariant measure my € MP(H ), and my * p
=my (p € M,(H)). Further spt my is the minimal closed ideal in H, that is, the
smallest compact set K such that H - K C K.

Proof. The set M,(H) is weak-* compact and convex. Further M,(H) acts as a
commutative semigroup of (weak-*) continuous linear operators on itself by
convolution (see Proposition 1.8), so by the Markov-Kakutani theorem [3, p. 456]
there exists my € M,(H) such that my * p = my for all u € M,(H). In particu-
lar, my * 8, = my (x € H), that is, [, R(x)fdmy = (, fdmy(x € H, f €
C(H)). If p € M,(H) such that p=*4§,=p(x € H), then f, fdu+my=
Sudmy(x) £y RG)fd = fd, 50 p * my = p, but p * my = my s0 my = p,
proving uniqueness.

We observe that there exists a minimum closed ideal / in H; in fact for any
two nonempty closed ideals I,, L, the set ], - L, is a closed ideal c I, n L, and
H is compact. For x € I we have my =8, * my so, by Proposition 1.4,
spt my = {x} - spt my C I - spt my C I. Conversely for any x € H, {x} - spt my
C spt my, so spt my is a closed ideal C I, hence spt my = I. [

The author knows of no general theorem about existence or uniqueness of an
invariant measure for H noncompact. In §3 a uniqueness theorem is proved for
*-hypergroups.

A measure p is said to be idempotent if p* p=p If K is a compact
subhypergroup of H, then the invariant measure my of K is idempotent, and
my € M,(H). In fact each idempotent probability measure arises this way; a fact
discovered earlier for locally compact commutative semigroups by Glicksberg [7].
We have adapted some of his techniques in the following theorem.

Theorem 1.13. Let p be idempotent and in M,(H). Then spt p is a compact
subhypergroup with no proper ideals, and p. is the invariant measure of spt p.

Proof. Let S = spt u. The steps of the proof are to show that S is a
subhypergroup, that R(p)f is constant on the compact minimal ideal of S for
each f € C.(H), that S has no proper ideals, and finally that p is invariant on S.

By Proposition 1.4, S - S = §, so S is a subhypergroup. We first observe that
if f € C7(H)and f= 0 on S then R(y)f(z) > 0 for some z € S. Suppose not,
then fy [y fdN(z, x)du(x) = O for all z € S, which implies f,, fdA(z, x) = O for
allz,x € Sandf=0o0n S-S = S, a contradiction.

Let f€ C}(H), fZ0on S, and let g = R(uw)f € Co(H) by Theorem 1.10.
Further g >0, g 2 0 on S, and R(p)g = g since R(w)g= RW)[R(x)f] = Ru=*p)f
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= R(u)f = g (see 1.10). Since g € Cy(H), there exists x, € S such that
g(x0) = llglls (= sup{lg(x)| : x € S)). But g(x) = RWglxo) = 5 R(xo)gdp by
commutativity. Now R(x0)g(») = fs8dNy, %) (¥ € S), so R(x)g(y)
< llglls- Since p € M,(S), this implies R(xo)g(y) = |lglls, for all y € §. This
implies that g = ||g|ls on {x,} - S, which is thus a compact ideal (since g € Co(H)
and g = 0 on S). Hence S has a minimum compact nonempty ideal I (see the
proof of 1.12), s0 I C {x} - S, and for each f € C}(H), R(u)f is constant on /
with the value ||R(w) f |-

We claim that I = S, for otherwise, there would exist f € C}(H), f(z) >0
some z € S and f(I) =0, but then R(u)f(x) = fs fsfdN(x,y)du(y) =0 for
x € I, since x € I,y € S imply spt A(x,y) C I, and this implies ||R(w) f|ls = O,
a contradiction.

To show that p = mg observe that R(w) f(x') = R(w) f(x") (f € C.(H),x',x"
€ S) (note this was proved for f > 0,f=Z 0on S; if f=0on S then R(p)f=0
on S). Let u' € M,(S) so that R(u)f(x) = fgfaw, for all f € C.(H) (note
RWfo| S =1wheref, € C.(H)withfy| S=1) and so p*» =y for all »
€ M,(S). (Recall fg R(w)fdv = fgfd(v * p).) In particular p’ = p * p=p,sop
is invariant on S and p = mg. []

2. The characters of a hypergroup. The idea of a character on a hypergroup
encompasses characters of locally compact abelian groups, characters of compact
nonabelian groups, and multiplication formulae for orthogonal polynomials.

Definition 2.1. A nonzero function ¢ € CE(H) is called a character if the
following formula holds:

[, 6dA(x.y) = $(06(»)  (x.y € H).

The set of all characters will be denoted by A. Observe that the constant function
1 € A andif ¢ € Htheng € H.

Proposition 2.2. For ¢ € H, the following holds:

(1) ¢(e) = 1.

2 [¢(x)| < 1(x € H).

(3) Let G be a closed subgroup of the unit circle {z € C: |z| = 1} and let
S={x € H: ¢(x) € G}; then S is a subhypergroup of H, and ¢ is constant with
value $(x)d(y) on spt A(x,y) for each x, y € S. (Note the most interesting cases for
Gare{l}and{z : |z| = 1}.)

(4) Suppose further that |p(x)| = 1 (x € H), then ¢y € H for all y € H.

Proof. We have o¢(e)p(x) = ¢(x) (x € H) so ¢(e) = 1. Let M = |¢|,. It
follows from 2.1 that M2 < M, thus M < 1. If x, y € H such that ¢(x), ¢(y)
€ G, then |f, ¢d\(x,y)| = 1. But each point on the unit circle is an extreme
point, so ¢ is constant with value ¢(x)¢(y) € G on spt A(x,y). Hence spt A(x, )
c S
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Suppose |¢(x)] =1 (x € H) and ¢ € H. By (3) ¢ is constant on spt A(x, y)
with value ¢(x)¢( y), for all x, y € H. Now f, ¢ dA(x,y) = ¢(x)¢(y) f y Y dN(x,y)
= ($V))N YN Y) ¥ € A), s0 ¢y € A. O

As expected, H can be considered as a subset of A, the maximal ideal space of
M(H). In turn, A is viewed as a subset of M(H)*, the dual space of M(H).

Proposition 2.3. The set H may be identified with A N CB(H). Indeed for each
¢ € H, the map p+— ji(¢) = [, ¢du (v € M(H)), is a multiplicative linear
functional, and if ¢ € CB(H) such that p v—> f, ¢du is multiplicative, then
¢ € A.

Proof. Let p, v € M(H) and extend formula (1-1) to bounded continuous
functions. Then

W @ = [, 3duxr= [, [, J 8ar ) dutx)any)
= Judu [, 3 = i@)(@) forg € A

Conversely, if ¢ € CB(H) and p > f, ¢dp is multiplicative, then $(x)@(y)
= [y 0dd, * 8, = [ ddAN(x,y) (x,y € H).O )

By analogy to the group case, one might hope for some dual structure on H.
As usual H is given the weak topology induced by the i, p € M(H). It is not
known to the author whether H is necessarily locally compact. However, if it is,
let 0 € M(H) and define 9~ 'o(x) = [, ¢(x)do(¢) (x € H). Now one would
like to define convolution on A so that it is transformed into pointwise
multiplication on H. If this is to be a hypergroup structure, a necessary condition
is that ¢y be in the pointwise closure of the convex hull of A (in CB(H)) for each
¢, ¥ € H. We will later discuss cases where A is a hypergroup, and give an
example of when it is not.

3. Hypergroups with involution. Up to this point we have not used any analogue
of the group inverse, so the theorems presented so far work for semigroups as
well as groups. However the examples we mentioned in the introduction do have
more structure and we will now give the appropriate abstract definition. Levitan
[11] first had the idea of generalizing locally compact groups by considering
structures which under the analogue of the right regular representation are
mapped onto selfadjoint sets of normal operators. These he called “generalized
translation operators”.

Definition 3.1. A locally compact hypergroup H will be called a *-hypergroup
if there exists an invariant measure m on H and a continuous involution
x +—> x' (x € H) such that

(3-1 fH (R(x)f)gdm = ﬁ,f(R(x')g)‘dm
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(f,g € C.(H),x € H), and such that e € spt A(x,x’) (x € H). The following
properties are implicit in the word “involution”: for each p € M(H) define
K € MH) by fyfdy = fy f(x)dux) (f € C(H)), then p +— p’ is an invo-
lution on M(H) and A(x,y’) = A(y,x)’ (x,y € H).

For a function f on H, the function f’ is defined by f'(x) = f(x") (x € H). For
a regular Borel, finite on compact sets, measure p on H, p' is defined by
Sufady =y f'dp(f € C.(H)).

In the example of the space of conjugacy classes of a compact group, the
involution maps the conjugacy class of a point to the conjugacy class of the
point’s inverse (see Example 4.1 for more details).

Proposition 3.2. The invariant measure m of a *-hypergroup has the following
properties:

(1) the support of m is H; that is, if V is open in H and V = & then mV > 0;

(2) m is unique up to a constant; that is, if m, is an invariant measure on H then
m, = cm for some ¢ > 0;

B)m=m'.

Proof. To prove (1) let x € spt m and let f € C(H) with f(e) > 0. Now
R(xNf(x) = [ fd\(x,x") > 0 (since e € spt A(x,x")) so [, R(x')fdm > 0. By
invariance, {4 fdm = f, R(x")fdm > 0, hence e € spt m. For any y € H, let

f € CHH) with f(y) >0, and thus R(y)f(e) = f(y) > 0. Now [, fdm
= {4 R(y)fdm > 0, which implies that y € spt m.

As a first step in proving (2) and (3) we show that if m, is an invariant measure
on H, then so is mj. Observe that R(x)f(y") = [y fAN(Y,x) = [y f dA(x',y)
= R(x)f'(y) (using commutativity) (f € C.(H), x,y € H). Let m; be an
invariant measure on H. Then fu Rx)f) dmy = [4 R(x)f(y)dm(y) =
S RO () dmy(3) = [ f'(y)dmy(y) (by invariance) = [, fdm; for fe
C.(H), x € H. Thus mj is also invariant.

Let f, g € C(H). Observe that the functions (x,y) — R(x)f(»)g(y) and
(x,y) — f(¥)R(x)g(y) are in CB(H X H), and hence are Borel measurable.
Further the integrals

I, . RS D)g(») dm(y)dmy(x) and [, [, FIRC)g()dm(y)dm, (x)

are finite and equal. They are equal because the inner integrals are equal
functions of x by Definition 3.1. In fact, by Fubini’s theorem, the first integral
equals

Iy [ 8ROV f ) dmy(x)ydm(y) = [ [, £(3)f (x) dim, (x) dim y)

(by invariance of m,)

(i) i) < =
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The second integral equals

s S FOIROYgC) dmy (xyam(y) = [, [ fIR()gx)dmi (x) dm( )
= ./;1 fdm L gdm

(by the invariance of mj). Since f and g are arbitrary, the relation
Sufdm f,gdm = {, gdm f, fdm, implies there exists a constant ¢ > 0 such
that f, fdm, = f, fdm\ = ¢ { fdm, for all f € C.(H). This proves (2) and (3).

O
Observe that (1) of Proposition 3.2 shows that H has no proper closed ideals.

Proposition 3.3. The center Z(H) of a *-hypergroup H is a closed subgroup, with
identity e.

Proof. By Proposition 1.7, Z(H) is a closed subsemigroup. Let x € Z(H),
Yy € H; then A(X,y) =A(),x) = (0roy) = 8oy, S0 X' € Z(H). Also e
€ spt A(x,x") = {x o x'}, so x" is the group inverse of x € Z(H).

Proposition 3.4. The space L' (H), that is, L' (m), is a closed ideal in M(H), and
for f € C.(H), p € M(H), the following formula holds:

f*ux) = f,, RxX)f(Y)duy) (x € H), and f*p € Co(H) N L'(H),

where convolution is to be interpreted as the measure convolution of p with f - m (the
measure fdm).

Proof. Let g € C.(H) and let » = p * (f - m); then

fu gdv = ﬁ,du(y) ﬁ,f(x)dm(x) L gdA(y, x)
= ﬁ;d#(y) f,,f ()(R(y)g(x)) dmix)
= [, du0») [, (RO Fx))g(x) dm(x)
= fu 8(x) dm(x) ﬁ,, R(x)f(¥)du(y) (Fubini’s theorem).

Observe that [, R(x)f(y")du(y) = R(')f(x) so this function is in C,(H), by
Theorem 1.10. The inequality |f, gdv| < ||gllo llellllf]| shows that R(w)f is in
L'(H). The density of C,(H) in L' (H) finishes the proof. []

Levitan observed that A can be identified with the maximal ideal space of
L'(H) and that I!(H) is semisimple. He also observed that there exists a regular
Borel measure on A so that there is a Plancherel formula for L*(H) (see [12, p.
428] for a sketch of the proofs of these results). We will only use this fact for the
case where H is compact.
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Henceforth H will be a compact *-hypergroup. Hence there is a unique
invariant measure m with mH = 1 and, further, spt m = H.

Theorem 3.5. The set H is an orthogonal basis for I*(H) (that is, [*(m)). Further
o(x') = ¢(x) forx € H, ¢ € H.

Proof. From Levitan’s Plancherel theorem [12, p. 429] we have the density of
the span of H. (This theorem can be directly proved by mimicking the compact
group argument using compact operator theory; see for example [5, p. 74].) Let
?, \]/_EH, x € H, then f, (R(Mdm = ¢(x) [y oPdm = [ HR(W) dm
= Y(x") [ ¢¥dm. Thus (p(x) — Y(x")) [y ¥ dm = 0. First let ¢ = ¢, then ¢(e)
= 1,50 [ |[¢|*dm > 0, 50 ¢(x’) = ¢(x). Then let ¢ 5= ¢ and so [, ¢Pdm = 0.[]

This theorem shows that A is discrete in the weak-* topology.

Definition 3.6. For ¢ € H, let c(¢p) = (f |¢|/°dm)~' > 1. Thus each f
€ L*(H) has the Fourier series 3, ¢ g ¢(¢) f(¢)p, where f(¢) = Sy fodm (see 2.3),
and the Plancherel theorem says || f|, = (3, c(¢)| F(@)?)2.

The group case leads us to expect the following sort of theorem.

Theorem 3.7. For each x € H, R(x) extends to a bounded operator on I*(H), and
the map x + R(x)f is continuous for each f € I*(H). Further R(x)* = R(x')
(where * denotes the operator adjoint), and (R(x)f)"(¢) = (x) f() (x € H.f
€ I*(H),¢ € A).

Proof. Let f € C(H), ¢ € H, x € H, then (R(x)f)"(¢) = [y R(x)fpdm
= (g f(R(x)P)” dm = ¢(x) [y fddm = ¢(x) f(¢). Clearly the operator R(x) ex-
tends to a bounded operator on L*(H) with operator norm equal to sup {|¢(x)| : ¢
€ H} < 1. The rest of the proof is straightforward. []

The conditions for H to be a *-hypergroup do not seem to imply that spH is
sup-norm dense in C(H) (however the author knows of no counterexample). In
the particular cases of interest there holds a further property:

(P) HH C co(H),

that is, for each ¢, ¢ € H, there exists a nonnegative real function n(¢,y; w) on
H with only finitely many nonzero values, such that

SO(x) = EH n(¢, ¥ ww(x)  (x € H)

(setting x = e this implies 3>, g n(,¥; w) = 1).

If H has this additional property, we will call it a P*-hypergroup. A *-
hypergroup need not have property (P); see Example 4.8. Henceforth H will be a
compact P*-hypergroup.

Proposition 3.8. The span of H is sup-norm dense in C(H).

Proof. Indeed the linear span of H is a selfadjoint algebra containing the
constants. Further for x % y, x, y € H, let f € C(H) with f(x) % f(y). Then
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R(x)f(e) = f(x) # f(») = R(y)f(e); thus R(x) f # R(y)fin [*(H). By Theorem
3.7 this implies that some ¢ € H separates x and y. The Stone-Weierstrass
theorem finishes the proof. []

We interpret M(H) = I'(H) as the space of absolutely convergent Fourier
series on H, that is, for p € M(H) write 9 'pu(x) = Ysen UP)p(x), where
lull = 3, [1(¢)|. Property (P) implies that H is a discrete hypergroup where the
convolution is defined so that 9! is multiplicative and the function 1 is the
identity. In particular the product of the unit masses at ¢,y € H is the
probability measure n(¢, ). Observe that there is on hand a separating collection
of multiplicative linear functionals on M(H), namely, the maps p
— 97 !'u(x) (x € H). We will not concern ourselves with the question of
whether the maximal ideal space of M(H) is H; see however Levitan [12, p. 429].

For f € C.(H) (¢ € H), R(@)fis given by R@)f(¥) = Sucp f(@ny, ¢; w).

Theorem 3.9. The measure ¢ on H is invariant, and with ¢ > § as the
involution, H is a *-hypergroup.
Property (3-1) in terms of c is
En (R(®) ) w)g(w)e(w) = ZH J(@)R($)g(w))™ c(w)
wE w€E
(fg € C.(A), ¢ € B).

(Recall c($) = (4 |$[>dm)™".)
Proof. Observe that ¢y = 34 n(9,¥; w)w and Theorem 3.5 show that

n(e,¥; ) = (@) [, oywdm.
Let f € C.(H), ¢ € H, then
% cR@)f = Z c(w)R(@)f)w)
3 cw) % FWn(, w; ¥),

but
(@n(d, i) = c@)e(¥) [, ddm
= (W@ ¥; w)/c(w)
= C(\[J)n@, Y, w)~
Thus

S R@)S = SSW) T cn@ ;)
=S WM =3
[ ]
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so c is invariant. Now let f, g € C.(H), ¢ € H, then
% (R ) = 3 c(w)gw) % F@n(e, w; ¢)
= % ) 3 @R, ¢; w)
= % W) fR@) W)™
= % of (R(P)g)

Also n(¢,; 1) = f,; |¢|*dm > 0; thus 1 € spt n(¢,$), and so A is a *-hyper-
group. []

Corollary 3.10. Z(H)={¢ € A : |op(x)| =1 (x EH)}={¢ € H: c(¢) = 1},
and Z(R) is a discrete abelian group.

Proof. (4) of Proposition 2.2 shows that {¢ € H : |¢| = 1} c Z(H). Conver-
sely, let ¢ € Z(H), then ¢$ € H, but ¢¢ is not orthogonal to 1, so ¢¢ = 1 by
3.5. Clearly |¢| = 1 if and only if c(¢p)~! = [, |p]*dm = 1.O

Definition 3.11. A subhypergroup S of H (or H) is said to be normal if x € §
(or ¢ € S) implies x’ € S (or ¢ € S). For E C H, let E* ={x € H : ¢(x)
=1(¢ € E)}, then E' is a normal subhypergroup of H. For F C H, let
F ={¢ € B:¢(x) =1 (x € F)}, then F* is a normal subhypergroup of H.
These facts are clear from Proposition 2.2.

Proposition 3.12. Let F = U {spt A\(x,x’) : x € H}; then F+ = Z(H).

Proof. Indeed ¢ € Z(H) if and only if 1 =|¢(x)|2 = ¢p(x)p(x) = [y ¢ dNx,X")
(x € H), if and only if ¢ = 1 on spt A(x,x’) forall x € H.[J

Proposition 3.13. Z(H)={x € H : |¢(x)| =1 (¢ € H)} = E*, where E =
U {spt n(¢,9) : ¢ € H).

Proof. If x € Z(H), then |p(x)? = ¢p(x)p(x") = [ ddA(x,x) = ¢(x © x')
= ¢(e) = 1. Now suppose x € H with |¢(x)| =1 for all ¢ € H. For any

¢, ¢y € A we have 1 = |p(x)¥(x)| = |S,en 1, ¥; w)w(x)|, and by convexity,
w(x) = ¢()Y(x) for all w € sptn(p,y). For each y € H the map p
— ;97 'nd\(x,y) is multiplicative on M(A). In fact for ¢, ¢ € H,

Jubvdr@y) = S no,430) [, 0dAx») = 3 1, 45 O)e(x)e(y)
= GO T 76,43 0)(2) = HRUDSON)

= ( fH o dA(x, y))( f,, zpdk(x,y)).

From the density of {3~'p: u € M(H)} in C(H) it follows that A(x,y) = §,,
some z € H. Hence x € Z(H). Finally for x € H, x € Z(H) if and only if
1 = |¢(x)]*> = $(x)B(x) = 3, n(¢, $; Y)W(x) (¢ € H), if and only if Y(x) =1 for
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all ¢ € spt n(¢,d), some ¢ € H.[]
There is a classical theroem which asserts that any closed subsemigroup of a
compact group is a subgroup. The analogue holds for compact P*-hypergroups.

Theorem 3.14. Let K be a (nonempty) (closed) subhypergroup of H; then K is
normal.

Proof. By Theorem 1.12 there exists an invariant measure my on K, and spt my
is the minimum closed ideal / in K. For ¢ € I*, (mx)"(¢) = f, pdmy = 1. For
¢ & It let x € I with ¢(x) £ 1; then (mg)"(¢) = [, ddmyg = f; (R(x)p)” dmy
= ¢(x) [, pdmy = ¢(x)(mx)" (), so (mx)"(¢) = 0 (the second equality comes
from the invariance of my). We claim that I is a normal subhypergroup of H.
Indeed, let f € C(H) be of the form 3, a(¢)¢ (a(¢) € C, all but finitely many
a(¢) equal 0); then [, fdmy = (y fdmy (since [, &(x)dmyg(x) = (mx)"(¢)
= (mg)"(¢) = [ ¢dmy for all ¢ € H). The set of such f is dense in C(H), so
myg = my. Thus x € I implies x’ € I. We conclude that e € I, but I is an ideal
in K, so K = I, a normal subhypergroup. []

We will now show that any (closed) subhypergroup K of H is itself a P*-
hypergroup, and K may be identified with a hypercoset structure on H. A
hypercoset is a subset of A of the form ¢ - E, where ¢ € A and E is a
subhypergroup of H.

Definition 3.15. Let p be the restriction map C(H) — C(K). Observe pA C K.
Define an equivalence relation on A by ¢ ~ ¢ if and only if pp = py (¢, ¢
€ H).

Proposition 3.16. For ¢, ¢ € H, pp = py if and only if & € y - K*, that is, there
exists w € K* such that n(y,w; ) > 0. Thus the equivalence classes of ~ are
exactly the hypercosets - K*.

Proof. For any ¢ € H, fy ¢dmy =0, unless ¢ € K*, that is, unless pp = 1
(recall my is the invariant measure on K and see Theorem 3.14). Let ¢, y € A
with pp = py, then [, p(¢y)dmyx > 0 (since spt mgx = K by 3.14). But ¢y
=3, n(¢,¥; ww, 0 fx p(¢p9)dmg = 3., n(,¥; w) > 0. Thus there exists w
€ K*  such  that  n(¢,;w) >0, but n(d,Y;w) = c(w) [ PY@dm
= c(w) Sy Ywpdm = c(w)n(y, w; $)/c(¢), so ¢ € ¢ - K*.

Conversely if ¢ € ¢ - K+, then there exists w € K* so that n(y,w; ¢) > 0.
Thus py = p(Yw) = 3, ps 1Y, @; X)pd + 3, 06 1Y, @; X)px. But characters (on
K) are linearly independent (consider them as multiplicative linear functionals on
M(K)) 0 3, mps 1Y w; x) = 1, and n(y, w; x) = 0 for px 5% p¢. Thus py = p¢. ]

Theorem 3.17. Let K be a subhypergroup of H; then K is a P*-hypergroup, and
the restriction map takes H onto K. Further K may be identified with the space of
hypercosets of K* .

Proof. We first claim for ¢, ¢ € H with p % py that [, (p)(oy)” dmy = 0.
In fact
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S 0oYow) dmg = 3 n(6,¥:0) [ (o) dmy

wERA

= 3 néy;0).

weKt
By Proposition 3.16, each n(¢,¥; w) (w € K*) is zero (or else ¢ € ¢ - K*).

We already have an involution and an invariant measure on K, so we need to
show [, R(x)fgdmg = [y f(R(x")g) dmy, for x € K, f, g € C(K). It will suf-
fice to prove this formula for restrictions of finite linear combinations of H, since
these are dense in C(K). Let f = 3, a(¢)pd, g = 3, b(¥)oy (finite sums, with no
repetitions, that is, no more than one representative from each hypercoset), and
let x € K. Then

i R0 fgdmy= 3, a@b@ [, (RCxIp)ow)™ dmy

r‘P

5, a@BH) [ (00)ow)™ dmy

S a($)b()e(x)c(pd) ™!

¢
¢

hd

I
*

3 a($)b($)e(x)c(pd)™!

= [ SR(x)g™ dmy.

Thus K is a *-hypergroup, and we see that pH is an orthogonal basis for L2(K),
hence pA = K. To see that K has property (P), observe that KK = (oH)(pH)
C p(co(A)) = co(pA) = co(K). O

We now consider the problem of idempotent measures. Note M(H) is
semisimple by Propositions 2.3 and 3.8. For each idempotent p € M(H) (that is,
j(¢)=1o0r0,al ¢ € A) let S(u) ={¢p € A : (p) = 1}. As usual we see that
J={S(w) C H : pidempotent} is closed under complementation, finite unions
and finite intersection. We will show that 7 contains all hypercosets. Rider [14]
has done this for central measures on compact groups.

Theorem 3.18. Suppose H is a compact P*-hypergroup and K is a subhypergroup.
Then each hypercoset of K* is S(u) for some idempotent p € M(H).

Proof. By Proposition 3.16 and Theorem 3.17, K is normal and is itself P*. Let
E be a hypercoset of K*, that is, E =14 - K* for some ¢y € H. Now let
dp = cydmy, where ¢ = (f [¢|>dmg)". Then for ¢ € H, () = cf Vpdmy
which is zero for ¢|K 5~ y|K, that is, ¢ & ¢ - K* (by Proposition 3.16), and
M¢) = 1 for ¢|K = Y|K. Hence S(n) = E. 0

4. Examples and remarks. We will use [5, Chapters 7, 9] as a reference for the
notation and some theorems on compact groups and compact homogeneous
spaces.

Example 4.1. Let G be a compact nonabelian group with normalized Haar
measure mg. Let H be the space of conjugacy classes of G; then M(H) can be
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identified with ZM (G), the center of M (G). The point masses of H correspond to
measures of the form f +— [, f(yxy~1)dmg(y) (f € C(G), fixed x € G). Un-
der the correspondence ZM(G) — M (H), m; goes over to the invariant measure
on H. The involution on H is {yxy~! : y € G} ={yx~'y~! : y € G}. The center
of H, Z(H), consists of the one-point conjugacy classes of G, namely the center
of G. From the remark after Theorem 1.8 we see that H is a *-hypergroup. The
characters of H are the function {x, /n, : @ € G} (x, is a character of G, n, is its
degree [5, p. 77]). From the formula x, xz = 3, mag(¥)x, (0.8 € G) (see [5, p.
79]), mug(y) > 0, we see that H is a P*-hypergroup.

Di¢man [2] has considered conjugacy classes from this point of view. See also
the work of Ragozin [13] on the central measure algebra of a compact Lie group.

Example 4.2. Let G be a compact group and let K be a nonnormal subgroup
so that T, | K contains K — {1} at most once for each a € G; equivalently,
fx Xadmg =101 0, all « € G. Then the space H of two-sided cosets of K is a
P*-hypergroup. Indeed the space Cxx(G) = {f € C(G) : f(kxk') = f(x) (x € G,
k, k' € K)} is spanned by the spherical functions ¢, = x, * mg (see [5, p. 103)).
Further Cx(G) is an algebra under the pointwise operations and its maximal
ideal space is H. Here M(H) is identified with Myx(G) = {n € M(G) : myg * u
* myg = p}, a commutative subalgebra of M(G). As in Example 4.1, H is a *-
hypergroup. Further ¢, ¢4 is a linear combination of {¢, : m,g(y) > 0}, and since
®. g is positive definite, it is a convex (finite) combination. Hence H is a P*-
hypergroup.

One example of this situation is G = SO(n), K = SO(n — 1) (where SO(n) is
the rotation group on R"). The spherical functions are ultraspherical polynomials
of half-integer indices. The measure algebra has been studied in [4] or see [5, p.
107). Another example is G = U(n), K = U(n — 1) (where U(n) is the unitary
group on C"). The spherical functions involve Jacobi polynomials.

Example 4.3. Let » > 0 and let B’ be the ultraspherical polynomial of degree
n and index », normalized to have P’(1) = 1. Gegenbauer showed that for each
pair x, y € [—1,1] there exists a positive measure A(x,y) on [—1,1] such that
B'(x)B’(y) = f', B’ d\(x,y). With these measures [—1, 1] becomes a hypergroup
with {£"} as the characters. The invariant measure is a,(1 — 2)*-172dr (where
a, = (f1, (1 — 2y~V2de)™"). Further By B' = 374 c(m, n; k)P, with c(m, n; k)
> 0. Thus we have a P*-hypergroup. For further details see Hirschman [9] or
Askey and Hirschman [17].

Example 4.4. Suppose H is a linearly independent set of continuous functions
on a compact Hausdorff space with the following properties:

(1) the span of H is dense in C(X);

)1 € H;

(3) there exists a point p, € X such that ||f||,, = f(p,) = 1 for all f € H;

@) fg =S,y n(fig; Mh (f,g € H), where finitely many n(f,g;h) > 0 and
the rest are zero.
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Conditions (3) and (4) together imply that fg € co H (f,g € H). Then H has
the structure of a discrete hypergroup with an identity (the function 1). Further
X is embedded in A by associating the evaluation map to each x € X.

Example 4.5. Suppose that in addition to the properties of Example 4.4 the
following hold:

(5) there exists m € M,(X) so that H is an orthogonal basis for L?(m);

(6) f € H implies f € H;
then H is a discrete *-hypergroup. The proof of this is the same as used in §3 for
A

Examples of such situations are given by Jacobi polynomials {P@A : n
=0,1,2,...}fora, B > —1,a + B > —1, by a recent result of Gasper [6].

Askey has also considered algebras of Jacobi polynomials. See his survey paper
[1] for further references. Igari and Uno [10] have found the maximal ideal space
(as hoped for, [—1, 1]) of the algebra of absolutely convergent Jacobi series.

Example 4.6. Let {a;}".., be a nonsingular (m + 1) X (m + 1) complex matrix
with the following properties:

(1) ag; = a; = 1, for all i, j;

(2) |ay| S 19 all i9j;

(@) for 1 < i,j < m, there exist nonnegative real numbers n(i,j; k) (0 < k
< m) such that a;;a;, = 5o n(i,j; K)ag, (0 < s < m).

Consider the rows as being a set H of functions on a space with (m + 1) points,
then H satisfies the hypotheses of Example 4.4. Further the characters are given
by the columns of {a;} (by a dimension argument, H can have no more than
m + 1 points).

We give an example of such a matrix for which H is not a hypergroup:

1 ¢ &
e |1 1 1
n |t -4 oOf
nll 1 0

We see that n(1,1) = (0,0,1), n(1,2) = (0,4,4), and n(2,2) = (0,},3). However
101 = (o — 2¢, + 99,). By way of illustration of Theorem 1.12, the minimal
ideal is {r, ), and the invariant measure is (0,4,%). Observe that H is not a *-
hypergroup.

Example 4.7. Let H be given by the matrix

where —1 < a < 0. It can be shown that H satisfies the hypotheses of 4.5, and
is in addition a P*-hypergroup, with invariant measure (—a/2(1 — a),1/2,
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1/2(1 — a)). For a = —1/2 this is essentially the character table of S;, the
symmetric group on 3 letters.

Vere-Jones has studied similar situations in [16].

Example 4.8. Let H be given by the matrix

1 ¢ ¢
el 1 1
nfl —% ili
nll % -3

It can be shown that H satisfies the hypotheses of 4.5; indeed
rt = (1/9e + (8/9)n,
nr= @4/ + (5/9n,
= (1/18)e + (5/18)n, + (2/3)n,.

Further H is a *-hypergroup, since the characters are orthogonal with respect to
the invariant measure (1/28,9/28,9/14) (see the proof of Theorem 3.17).
However ¢} = (1/6)1 — (2/27)¢, + (49/54)¢,. Thus there exists a finite (com-
pact) *-hypergroup which is not P*.

The author thanks his colleague Leonard Scott for providing this example.
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